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ABSTRACT 

It is proved that every n-dimensional Polish space is homeomorphic to the set of 
extreme points of a compact convex set in R 18(n+l). 

In [L] A.  Lazar  proved that  every uncountab le  Polish space ( =  comple te  metriz-  

able separable space) is homeomorph ic  to the set o f  extreme points  of  some weakly 

compac t  convex b o d y  in Hi lbe r t  space.  Later ,  he raised the fo l lowing p rob lem:  

Does there exist a func t ion  k = k ( n )  such that  every n -d imens iona l  Pol ish space 

is homeomorph i c  to the set of  extreme points  o f  some compac t  convex body  in the 

Euc l idean  space Rk? 

In this art icle we give an a f f i rma t ive  answer  to this p rob l e m o f  Lazar .  

It should be noted that  there is an essential difference between Lazar ' s  result and 

ours .  In the inf ini te  d imens iona l  case the main  p r o b l e m  was to force the weakly  

compac t  convex set under  cons ide ra t ion  to be a convex body  (i.e. to have a non-  

empty  interior).  It was known earlier [H] that  every Polish space is home omorph i c  

to  the extreme b o u n d a r y  o f  some compac t  convex set, and also [L-P]  that  the ex- 

treme boundary  o f  a convex body  in an infinite dimensional  reflexive Banach space 

is uncoun tab le .  In the f inite d imens iona l  case the main  p r o b l e m  was to  cons t ruc t  

any  sui table  compac t  convex set, which will then au tomat i ca l ly  be a convex body  

in the min imal  hype rp lane  that  conta ins  it. 

We are gra teful  to A.  Lazar  for  suggesting this p rob l e m to us. 

~The contribution of M. Levin to this paper is a part of his Ph.D. thesis prepared at the University 
of Haifa under the supervision of Y. Sternfeld. 
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We state now three theorems, the last of which settles Lazar's problem while 

the first two provide stronger results under some additional hypothesis. Through 

this article X will denote a non-compact Polish space. (Lazar's problem is trivial 

if X is compact. If  dim X _< n then (see 5, below) there exists a homeomorphism 

h of  X into the (2n + 1)-dimensional Euclidean sphere $2,+1 in R 2~+2. Set K = 

conv h (X).  As Szn+l is strictly convex, if X is compact then h (X) = ext K (= the 

set of  extreme points of K).)  If  W = X U F is a compactification of X then we 

assume that F = W \ X .  All spaces are assumed to be separable metric, and dim 

refers to the topological dimension. 

T~EOREM 1. Let X be an n-dimensional Polish space and let W = X U F be a 

compactification o f  X with dim 17 = 0. Then there exist a compact convex set K in 

R 2n+5 and a homeomorphism h : W--* Ksuch  that h ( X )  = extK. 

THEOREM 2. Let X be a perject Polish space and let W be an n-dimensional 

compactification o f  X. Then there exist a compact convex set K in R 18(n+1) and a 

homeomorphism h : W ~ K such that h (X) = ext K. 

THEOREM 3. Every n-dimensional Polish space is homeomorphic to the set o f  

extreme points o f  a compact convex set in R js~+l). 

Note that in Theorems 1 and 2, X is given with a compactification W and the 

homeomorphism h : X--, extK is extendable over W (into K). We pay for this by 

the assumptions that dim F = 0 in Theorem 1 and that X is perfect in Theorem 2. 

We could not prove a similar result in the general case, and leave it as a problem. 

PROBLEM. Let W be an n-dimensional compactification of Polish space X. Do 

there exist a compact convex set K in R k and a homeomorphism h : W--, K so that 

h (X) = ext K? Can k depend only on n? In particular does this hold if X is count- 

able? (The main problem is when X is countable and d i m ( W \ X )  >_ 1.) 

The following are some dimension-theoretic results that will be applied in the 

proofs. (Refer to [E] for those stated without a proof.) 

(1) A family of sets is of  order n if no n + 2 of its elements have a point in 

common. 

(2) A compact n-dimensional space admits a finite closed cover of order n and 

arbitrary small diameter. 

(3) An n-dimensional space admits an n-dimensional compactification. 

(4) A zero-dimensional Polish space X admits a zero-dimensional compactifi- 

cation W = X U F with F countable. 
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PROOF. By Th. 2, p. 441 in [K] X is homeomorph ic  to a closed subset o f  the 

irrationals, which, in turn,  can be realized as a subset o f  the Cantor  set C with a 

countable  complement .  Now take W to be the closure o f  X in C. D 

(5) CI~ASS~CAL EMBEDDING THEOREM. An n-dimensional space W is homeo- 

morphic to a subset o f  R 2n+l. Moreover, the embeddings in C(W,  R 2n+1 ) 

are complemented by a set o f  f irst  category. 

(6) A THEOREM OF HUREWICZ. Let f :  W ~ Z be a closed continuous surjection. 

Then dim Z _< dim W + card f -  1 where c a r d f  = sup [ca rd f -~  ( z ) : z  E Z] .  

(7) A kind of  an inverse to 6: Let F be n-dimensional and compact. Then there 

exist a zero-dimensional compact space V and a mapping f o f  V onto F with 

c a r d f < _ n +  1. 

(8) Let F be a-compact .  Then F a d m i t s  a countable  compact  cover of  order -< 1. 

PROOF. Let F = O/>~ Hi be any compact  cover,  with H~ C/-/2 C . . . .  

Let f / : F ~  [0,1] be cont inuous w i t h f # l ( 0 )  = Hi. 

Set Ij = [ 1 / ( j  + 1), 1/j] and F,.j = f , l ( / j )  n Hi+l.  

Then F = H~ U Ui,j Fi,j and the order o f  this cover is _ 1. [] 

(9) d im(A U B) _< d i m A  + d i m B  + 1. 

The following lemma is our main tool  for proving the theorems. 

MAIN LEMMA. Let W = X U F be a compactification o f  X .  Let Y be compact, 

let 7r : W ~ Y be a surjection and let l: W ~ R "  be a mapping so that for  each y 

in Y 

(i) I is one-to-one on ~r ~(y), 

(ii) I(rc l (y )  f) X )  is the extreme boundary o f  ~ I(~r l(y)) .  

I f  f :  Y - ,  Sk C R k+~ is an embedding, then the mapping h = ( f  o 7r, l ) :  W - ,  

R k+~ x R m is an embedding and h ( X )  = ext cony h ( W ) .  

PROOF. h is one- to-one since the fibers o f f °  7r are those o f  7r (as f is one-to- 

one) and by (i) l is one- to-one on ~r-~(y).  Set K = c%-ffqh(W). Clearly e x t K  C 

h ( W ) .  Note first that if x0 E F t h e n  h(xo) is not an extreme point of  K. Indeed let 

h(xo) = (wl ,w2)  = (f(~r(xo)), l(xo)) E R k+l x R" .  

By (ii) l(~r l ( f - l ( W l ) )  N X )  is the extreme boundary  o f  c~NVl(Tr-J( f - l (w~)))  

in R m. It follows that w2 = l(xo) is a non-trivial convex combina t ion  o f  some 

points l(Xl),l(x,.)  . . . . .  l(xD in l ( T r - l ( f - l (  wl)) n x )  with {xi}~=l c X. As h(xi) = 

(wl , l(xi)),  1 <_ i <_ r and h(xo) = (wl ,l(xo)), h(xo) is the same convex combina-  
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tion of h(x~) . . . . .  h(xr).  Thus ex tK  C h ( X ) .  Let Xo E X. I f  h(xo) is not in 

ex tK  then it must be a non-trivial convex combination of  some points h(x l ) ,  

. . . .  h(xr),  {xiJf=l C X (x~ ~ x 0 ) T h e n  in particular f(~r (x0)) is a convex combi- 

nation, with the same non-trivial coefficients, o f f (~- (x i ) ) ,  1 _< i _< r. But as f ( Y )  

is contained in the sphere Sk C R k+~ which is strictly convex, this is possible 

only if 

f(zc(Xo)) =f(Tr'(x1)) . . . . .  f(Tr(xr)) = wl. 

So [xi]~=o C ~r- l (y)  Cl X for y = f - l ( w ~ )  E Y, and l(xo) is a non-trivial convex 

combination of  l (xl)  . . . . .  l(Xr) which violates (ii). [] 

EXAMPLE. If  X is locally compact  and W = X U F is a compactification, then 

F is compact .  Let d i m X  = n~ and d i m F  = nz. Let F '  C X consist of  2nz + 2 

points. Let l: W--* R 2n2+1 be such that l / F U  F' is an embedding and c o n v / ( F ' )  

is a simplex which contains l(F) in its interior. Let Y be the quotient of  W obtained 

by identifying F U F '  to a single point, and let ~r : W ~ Y be the quotient map.  

Then dim Y = d i m X  (since Y is obtained by adding one point to X \ F ' ) .  Let 

f :  Y--" Szn~+l C R 2n~+2 be an embedding. It is easy to check that the conditions of  

the Main Lemma are satisfied. Hence h = ( fo  7r, l ) :  W - ,  R 2(nl+n2)+3 is an embed- 

ding which maps X onto ext c~fiV h (W). Similar ideas are used in the proof  of  the 

Theorems. 

PROOF OF THEOREM 1. Let F = Ui_~ F` with F` compact order IF,-} = 0 and 

limi~oo diam F, = 0. 

Let U be a neighborhood of some F` in W. Set 

Du, i = { f : f E  C(W):  there,, exist points ai and bi in X Cl U such that 

f (ai )  < minf (F i )  < maxf (F / )  <f(b i ) } .  

By standard arguments Du,~ is open and dense in C ( W ) .  

Let U], be a 1/k neighborhood of F` in W. From the Baire category theorem 

and (5), it follows that there exists some 

l E ~ DvLi,  
i>l 
k_>l 

so that I is one-to-one on each Fi, i >_ 1. 

i>_l 
k>>_l 

A s  

Dv/,,i 



Vol. 71, 1990 POLISH SPACES 139 

we may select inductively disjoint pairs [ai, bili>_l of points in X so that 

l(ai) < m i n l ( F , ) _ < m a x l ( F / ) < l ( b i ) ,  i_> 1 and lim d iam(F/U { a i , b i } ) = 0 .  
i ~  o0 

Consider the decomposition of W into closed sets of  the form F~ U [ ai, bi}, i _> 

1, and the singletons of  X\k.Ji>I {ag,bi]. Every non-trivial limit of  a sequence of 

elements of  this decomposition must be a singleton. It follows that the decompo- 

sition is uppersemicontinuous. Let Y denote the quotient space and ~r: W ~  Y the 

quotient map corresponding to this decomposition. Then 

The first set in this union is countable and hence zero-dimensional while the sec- 

ond is homeomorphic (by ~r -~) to a subset of  X so its dimension does not exceed 

n. I f  follows (by (9)) that dim Y _< 0 + n + 1 = n + 1. Thus, there exists a 

homeomorphism f :  Y ~  $2n+3 C R 2n+4, and it is easy to verify that the conditions 

of  the Main Lemma are satisfied. Hence 

h = ( fozc ,  I ) : W ~ R 2 ~ + a x R = R 2 ~ + 5  and K = c - 6 ~ h ( W )  

have the desired properties. [] 

PROOF or  THEORFM 2. Let W =  X U E We shall construct a zero-dimensional 

subset V of X and a continuous surjection g : V ~  F with the following properties: 

(i) The decomposition of W into sets of the form Ix] O g - ~ ( x ) ,  x E F a n d  

Ix}, x E X \  V is uppersemicontinuous. 

(ii) The dimension of the quotient space Y obtained by the above decomposi- 

tion does not exceed 7n + 6. 

(iii) There exists a mapping l: X - - ,  R 4n+4 such that, for every x E F, I is one-to- 

one on Ix} O g - l ( x ) ,  and the extreme points of  conv{/([x] U g- l (x) ) ]  are 

exactly the elements of  l (g  -~(x)); in particular l ( x )  is not an extreme point 

of  this set. 

Once we accomplish this we are done. Indeed, as there exists a homeomorphism 

f :  Y---, Sl4n+13 C R 14(n+l), and since the conditions of  the Main Lemma are satis- 

fied, it follows that 

h =  ( f  o zc, l) : W--+ R 14In+j) x R4"+4 = R 18("+x) and K = c~-fi~ h ( W )  

have the desired properties. 

The mapping l will be defined to be the limit of  a sequence {li}g_>0 of  mappings 
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which, together  with the set V and the funct ion g, will be def ined inductively as 

follows: 

By (8) F = gi_>~ F /w i th  F, compac t  and order  {Fi} < 1. 

Let {M~}~>~ be a sequence of  two-dimensional  linear subspaces o f  R 4n+4 with 

the following proper ty:  

(*) For  every set { ii, i2 . . . . .  i2n+2 ] o f  2n + 2 distinct indices, 

if 0 :;e Yij C Mij then ' ,2n+2 lYijlj=j is l inearly independent  in R 4n+a 

Set 10 - (0,0 . . . . .  0) E R 4n+4, and I7o = Q.  Assume that  we have a l ready con- 

structed compac t  disjoint subsets Vi, V2 . . . . .  V,- o f  x, with an empty  interior in 
• i i W, and cont inuous  mappings  lj: W--+ R 4n+4, 0 --<j --< i and g .  Uj=0 Vj --+ Uj=l  Fj. 

By (7) there exist a zero-dimensional  compac t  space T and a cont inuous surjec- 

t ion ~ : T ~ F,.+ j, with card ¢ _< n + 1. Let T = Us Ts be a finite closed cover  o f  

T s o  that  order  {T,} = 0 d iam H,  < 1/( i  + 1) and d i a m / , ( H D  < 1/8 i where Hs = 

~(/7~). Then F,+I = g , H s  and order  {Hsl -< n. As X is perfect ,  there exists, for  

each s, a set C~ C X \ U j _ I  Vj which is h o m e o m o r p h i c  to the Can to r  set, whose 

interior in Wis  empty,  so that  d iam(Cs  U Hs) < 1/( i  + 1) and d i am/ i (Cs  U H~) < 

1/8 i, and such that  the sets [ Cs } are mutual ly  disjoint. For  each s, let Z~!, Zs? and 

Z~3 be three disjoint copies of  T~ in Cs. Set Z~ = U~=I Z" and V i +  1 = U s Z s  . Extend 

g to V~+~ by defining it to be equal to ~o/Ts on each of  its copies Z2, r = 1,2,3. It 

follows that  for  x in V/+~ d iam [x ,g(x)}  < I / ( i  + 1). Also,  since order  [Fi] <- 1, 

order  {H~} _< n and,  as 1 _< r_< 3, ca rdg_< 2 . 3 ( n  + 1) = 6(n  + 1). 

Now we define ls+~. For  each s let Ms be one o f  the two-d imens iona l  sub- 

spaces o f  R 4"+a that  satisfy (*) so that  Ms has not  been selected earlier in the 

inductive process,  and so that  the subspaces Ms are distinct. For  a fixed value of  

s, let R 4n+4 = M s @ Ms~-, let Ps denote the or thogonal  project ion of  R 4n+4 onto  Ms 

and qs the one on Mff .  As d iam l, (H , )  < 1/8 s, d iamp~ l~(H~) < 1/8 i too.  Let S C 

Ms be a circle of  d iameter  1/8 ~-' 'with center at one of  the points ofpsls(Hs) .  Let 

S ~, S 2 and S 3 be three disjoint arcs on S so that  for  every choice of  points  a~ 

S ~, r = 1,2, 3, the triangle cony[ a~, a2, a3 } contains psli (Hs). 
Let ~.~ : U;=~ Z[  --, Ms map  zsr homeomorph ica l ly  into S r. Define ls+~ on Zs = 
3 O~=l Zs by li+i (x) = ( ~bs (x),  qflig (x)), x E  Z~ (i.e., Pd,+l ( x )  = G ( x )  and qfli+l (x) = 

qsl ig(x)) .  Note that  II li+l - lillz~ <<- 2/8 i i. Indeed,  in Ms 

1 
I l G / ~ + , ( x )  - &l~(x)ll = II, s(X) - & l ~ ( x ) l l  < 8~_~ 

since G ( x )  E S while PflAx)  is in the interior of  S as d iam li(Cs U H~) < 1/8 i. 
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In M ~  

II qsli+l (x )  - qsli (x)ll = I[ qs l ig(x )  - q~li(x)LI 

1 
< Illig(x) - / i ( x ) l l  _< diaml,(C~ U Hs) < 8~ 

since for x E Zs, [x ,g(x)}  C Zs U H~ C C~ U H~. In this way we define li+l on each 

Z~, i.e. on V,+1, such that II1~+1 -/~11~+1 < 2/8~-~- Define also li+l to equal li on 

U j=l Vj U Uj+~ Fj, and extend it to a mapping li+, : W ~  R 4"+4 so that II li+ I - li II < 

2 /8  i - l .  This concludes the inductive process. 

Set V =  U~>_l ~,  l = l imj .=  l~ and let g: V ~ F b e  the map defined in the induc- 

tive process. Let us check that (i), (ii) and (iii) hold. 

(i) To show uppersemicontinuity it suffices to prove that if [Ar}r~l is a se- 

quence of  elements of  the decomposition which converges to some subset A of W 

(in the Hausdor f f  metric on W, say) then A is contained in some element of  the 

decomposition. So let [Ar]r>~ be such a sequence. If  Ar is a singleton for infi- 

nitely many values of  r, then so is A and we are done. Thus we may assume that 

Ar = {Xr} U g ~(X~), Xr E F.. If  there exists some i so that Xr E F~ for infinitely 

many values of  r, then, by the compactness of  F/, we may assume that x~ con- 

verges to some element x0 of F,. As order [F/] < 1, each x~ may belong to at most 

one more set Fj. If, for some value of j ,  Fj contains infinitely many x~'s, then as 

g : ~ U V i ~ F / U  F i is a continuous mapping of  compact  spaces, and since for 

each r >_ O, g - l ( x r )  C r i U Vj, A must be contained in Ix0} U g-~(xo) .  I f  such a 

j does not exist then 

lim d i a m ( g - l ( x D  fl ( W \  Vi)) = 0, 
r 

and, since g:  Vi --, F~ is a continuous mapping of compact spaces, A C [xo] U 

g - l (xo ) .  If, finally, such an i fails to exist, then, since diam[[x]  U g-~(x)} < 

1/ ( i  + 1) for x E F i \ U j - I ,  A must be a singleton and (i) follows. 

(ii) Let 7r: W ~  Y be the quotient map. As the elements of  the decomposition are 

either singletons or of  the form {x] U g - ~ ( x ) ,  x E F, it follows that card 7r = 

ca rdg  + 1 _< 6(n + 1) + 1. Hence from the Hurewicz Theorem (6) we obtain 

d i m Y _ < d i m W + c a r d ~ r - l _ < n + 6 ( n +  1 ) +  1 - 1  = 7 n + 6 .  

(iii) Let x E F. We check first that l ( x )  is not in extL where L = conv{/([x] U 

g-~ (x))]. Let x E H~ C F /C  F. Recall that by the inductive construction there ex- 

ist three points Xr E Z~, r = 1,2,3 with g ( x D  = x,  and such that psi  maps x~ to 
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some point psl(xr) = ar in S r C S (where Ps and qs are the projections of  R 4n+4 o n  

Ms and M ~ ,  respectively). From the choice of  the arcs S r it follows that psl(x)  is 

a nontrivial convex combination of ar =pf l (Xr) ,  r = 1,2,3 in Ms. Also, as by the 

definition of l, qfl(Xr) = qflg(Xr) = qs (X), I(X) is a convex combination of l(xr), 

r = 1,2,3 (with the same coefficients) and l (x)  is not an extreme point of  L. 

Next we show that for e achy  ~-- g - l ( x ) ,  l (y )  is an extreme point of  L. We may 

assume that l (x)  = 0 in R 4n+4. (If  not, then we apply a translation.) Let w E 

g-~(x) .  Then w ~ Zs for some s such that x E Hs. By the definition of I we have 

l( w) = pf l (  w) + qsl( w) := pf l (  w) + qflg( w) = pfl(  w) + qf l (x)  

= p f l (w)  + qs(O) = p f l (w )  E Ms. 

(Note that l (w)  is on a circle of  positive radius in Ms and hence differs f rom 

0 = l (x) . )  

If, for y C g-1 (x),  l (y )  is not an extreme point of  L, then it is a convex com- 

bination of points l (w) ,  w E g-~(x) .  Each x E F is in Hs for at most 2(n + 1) 

values of  s (since order IF/} _< 1 and order {Hs] < n). It follows that g-~(x)  is 

contained in the union of at most 2(n + 1) sets Zs, and hence Ig-L(x) is contained 

in the union of Ms for at most 2(n + 1) values o f s .  From the property (*) of  the 

subspaces Ms it follows that the convex combination that represents l ( y )  is actu- 

ally supported in {l(w) : w E Zso}, where So is the index such that y E Zso. But l 

maps Zso homeomorphical ly into a circle in Mso, which is strictly convex. It fol- 

lows that the convex combination is actually trivial and we are done. The fact that 

l is one-to-one on Ix] U g - l ( x )  follows f rom the above. 

This completes the proof  of  Theorem 2. [] 

PRooF or THEOREM 3. Let X be an n-dimensional Polish space. Set X0 = 

[x E X : x  has a countable neighborhood in X]  and X~ -- X \ X o .  Then Xo is a 

countable open subset of X and X~ is closed and perfect. Both Xo and X1 are Pol- 

ish spaces. If  d i m X  = 0, then we apply (3) to find a zero-dimensional compact-  

ification for X and conclude by Theorem 1. So, we assume that n = d i m X  = 

dimX~ _> 1. Let Y be an n-dimensional compactification of  X. Let M denote the 

closure of X~ in Y. As Xo is open in X, Xo f3 M = G, and M = X1 U FI is a com- 

pactification of X~. Let Yo be the quotient of  Y obtained by identifying the ele- 

ments of  M with a single point m. The subspace X0 U [ m ] of  Y0 is a countable 

Polish space. Hence, by (4) it admits a countable compactification Z = [m] U 

X o U F0. Consider the disjoint union A of Ao = Xo U F0 C Z and AI = Xo U M = 

X0 U X~ U F1 C Y. ( U C A is open if both U fq A 1 and U O A 2 a r e  open in A ~ and 

A2, respectively.) Let W be the quotient of  A obtained by identifying the corre- 
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sponding points of  X0 in Ao and A~. (Formally, if id : (Xo C Ao) ~ (Xo C A~) is 

the identity map,  W is obtained by identifying the pairs [x, idx}xeXoCAo to a sin- 

gle point.) It is easy to check that W is a compactification of  X (check for sequen- 

tial compactness) which we regard as W = Fo U Xo U X~ U F1. Also, as M = 

X~ td F~ is compact and Fo 1.3 Xo is countable, dim W = d i m M  = n. The main ad- 

vantage that the present compactification W of X has upon the earlier one Y is 

that, in W, the "contr ibut ion" F0 of  Xo to the compactification is countable. We 

could have managed with a zero-dimensional Fo as well. But in Y we had no con- 

trol on the dimension of  the "contribution" of  X0 to the compactification. 

Operate now on M = X1 tO F~ as in the proof  of  Theorem 2. We obtain a sub- 

set I/1 of  X~, gt ://1 ~ FI and Ii : M ~ R 4n+a as in Theorem 2. Let R 4"+4 = R × 

R 4n+3 and let p and q denote the projections onto R and R 4n+3, respectively. Let 

F 0 = {aiJi>_l. Applying arguments similar to those in the proof  of  Theorem 1 we 

find an extension ~: W ~  R o f p l l  : M - o  R and distinct points [bi,ciJi>_l in X0 

with limi diam[ai,bi,ci} = 0 and so that ~b(bi) < ~b(a,) < ~b(cA. Next, we find an 

extension ~ : W-o R 4n+3 of  ql~ :M-~  R 4n+3 so that ~(as) = ~(b~) = ¢(c~), i _> 1. 

(Let Wo = W modulo  a~ = b i = Ci, i --> 1, let ~- : W -~ Wo be the quotient, let 

<PI: Wo --°R4n+3 be any extension ofpl~ (note that M C  W0) and take ¢ = ¢17r.) 

Let l: W-~ R 4n÷4 be such that pl  = ~b and ql = ~. Then l is an extension of  11. Let 

also V =  111 U {bili>_l U {ci}i>_l and extend gl : V1 ~ F 1  to g:  V ~ F =  Fo U 1:1 by 

defining g(bi) = g(ci) = ai, i >_ 1. 

As in the proof  of  Theorems 1 and 2, the decomposition of W into {x} U 

g - ) ( w ) ,  x E F and the singletons of  X \  V is upper semicontinuous. Let Y and 

7r : W ~ Y be the corresponding quotient space and quotient map. As card g = 

cardg~, it follows from (6) that dim Y_< 7n + 6. It is easy to check that the con- 

ditions of  the Main Lemma hold, and the Theorem follows. [] 
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